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Dynamics of a nonlinear oscillator which is coupled to various model heat baths
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We have recently shown that the low-temperature velocity power spectrum of an anharmonic oscillator
(AHO) in a canonical ensemble is recovered when one considers the AHO as coupled via harmonic springs to
a system of noninteracting harmonic oscillatd’s), each with the same characteristic frequency as that of
the AHO[D.P. Visco, Jr. and S. Sen, Phys. Rev5E 224 (1998]. In the present work, we generalize our
earlier study by establishing the following points. We show that when the AHO is coupled via anharmonic
springs to a system of noninteracting HO'’s, each with characteristic frequency as that of the AHO, the
dynamics of the AHO is strongly affected by the altered coupling and hence we contend that the bath particles
must be connected via harmonic springs to preserve the dynamics of the (i\H®@e consider an AHO with
a characteristic frequency that differs from that of the bath particles and show that the correct dynamics of the
new AHO is recovered whefe) the harmonic oscillators that make up the bath particles have constrained
movement andb) the bath particles are harmonically coupled at significantly weakened strength compared to
the study in caséi) above.[S1063-651X98)02508-2

PACS numbegs): 05.20.Gg, 05.40j

[. INTRODUCTION bath was also unity. We now relax this condition by studying
a particle in a potential of the formV(x)=—(1/2)x?
The study of the dynamics of a single particle in a poten-+ (1/4)x%, i.e., a particle in a double well potential. In this
tial well with the particle being “weakly coupledf1]to a  system,w—0 whenE is the barrier heightw— \2 when
thermodynamically meaningful heat bath is assumed to b&—0, andw—» asE—«. Thusw(E) is not a monotoni-
correctly described by an analysis done within the framecally increasing function of the energy and the lowest fre-
work of a canonical ensemble. Significant literature exists orquency of\/2 is now different from that of the bath oscilla-
the time evolution properties of a singhk@armonic oscillator  tors. This work, along with the numerical details of this
that is in contact with an effective heat bath comprised ofstudy, is presented in Sec. Ill. Section IV contains the con-
many harmonic oscillatori2—4]. One finds that the canoni- cluding remarks and a summary of this work.
cal ensemble dynamics of the harmonic oscillator is correctly
obtained if the detailed dynamics of the heat bath is incor- Il. DYNAMICS OF AN AHO COUPLED TO
porated into the analysis. This article builds upon a previous A HEAT BATH
work [5] and attempts to address the following question: — . .
What is the appropriate description of the heat bath when the The Ham|Iton|_an for the particle in an anh_armomc poten-
system consists of a singharmonic oscillatofAHO)? t|§1l well, here simply called an anharmonic oscillator, is
In a recent work{5], we have shown that various con- 91Ven by
strupts qf the heat bath'and the.coupling between a single E=p2/2m+ (1/2)x2+ (L4)x*, 1)
particle in an anharmonic potential of the fon{x)=ax?
+bx* (ab>0) and the heat bath will lead to results that wherep andx represent the momentum and position coor-
may or may not be consistent with the dynamics predicted byinates, respectively, of the anharmonic oscillator ends
the canonical ensemble. Our conclusion was that a heat bathe mass of the particleve setm=1 for our analysis hepe
consisting of noninteracting harmonic oscillators, each in dt has recently been shown through an asymptotic analysis in
qguadratic well and each being coupled quadratically to thehe canonical ensemble that the relaxation functi¢eg.,
AHO, was one of the appropriate systems for obtaining theselocity correlation function and position correlation func-
predicted canonical ensemble results. In Sec. Il below, weion) in this system show decay ast it is the beginning
summarize the findings d6] and present some further cal- time). Additionally, a Fourier transform of this velocity
culations on the properties of the model bath for the particle) autocorrelation function(VACF), (v(t)v(0))/{(v(0)?),
in the potentialV(x)=(1/2)x?+ (1/4)x* now with quartic  shows a sharp peak in the velocity power spectf\iRS) at
coupling to the bath. w=1. This peak, which remains at all temperatures, is domi-
A simple feature of the system described above is that theant only at low temperatures where high-frequency effects
frequency of the AHO increases monotonically with energyare not as stron{g].
E of the AHO. The lowest characteristic frequency of the In Ref. [5] we have studied the problem of modeling a
AHO is w=1. In an earlier study, we assumed that the charsystem that is in thermal contact with a heat bath; the impor-
acteristic frequency of the oscillators that make up the heatant ideas are how to model the bath itself and how to con-
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nect the system to the bath. We chose a single anharmonic MODEL 1

oscillator of the form in Eq(1) above as our system and [ W

tried the following constructs to describe the bath, the sys- G M(L
tem, and their coupling. w

Model 1is a bath of harmonic oscillators with nearest-
neighbor coupling via harmonic springs. The AHO is con-

nected to each oscillator in the bath by quadratic coupling. mw' -

>

>
<
<

Model 2is a bath of harmonic oscillators in quadratic wo oo oo
potential wells with nearest-neighbor coupling via harmonic
springs. The AHO is connected to the bath by quadratic cou- MODELS 3 & 4
pling. T ——
Model 3is a bath of uncoupletfree) harmonic oscillators b J)
&5 %4

in quadratic potential wells. The AHO is connected to the w oY 2
bath by quadratic coupling.

It f d that del 3 ided th t ical FIG. 1. Cartoon describing the interactions in the four bath mod-
was foun at model s provide € correct canoniCaly s rhe filled circle is the particle in the anharmonic well. The open
ensemble result¢=1) at all ranges of bath sizhl and

. circles are the bath particles. The parabola under some bath par-
system-bath coupling strengt that we tested. Also, an jjgjes indicate that those particles are in a harmonic well. The resis-
additional high-frequency mode was found that, for largetors are harmonicx@) springs for model 3 and anharmonig®f

bath size, was proportional t9NK. Thus, if this model was  springs for model 4.

used as a bath in a study, this extra frequency could be made
to lie outside of the shortest time scales used by the system

via a judicious choice oN andK. were the same for all sets &f andK studied. The integra-
To further explore the effects of the type of system-bathtion time step was 0.000 25 time units. Thus, for 75 000

coupling, we have modified model 3 to make the CoulO“ngmeasurements of the velocity of the AHO, using this time

between the system and the bath quartic in nature. This . X ) .
model. which wye calmodel 4 gives usqthe Hamiltonian Step yields a time length for the study of 18.75 time units.

We have used the discrete cosine transf¢gh of the
VACF to determine the VPS of the anharmonic oscillator. In
order to eliminate the negative numbers that arise from in-
complete phase cancellations in the calculation of the dis-
crete cosine transform, we have multiplied the autocorre-

N - - lation function with a Gaussian function of the form
+Z’1 (12)(xi—x7) +K/4i=21 [X=(xi=x)]% (2)  exp(~at?) before taking the transformation. All the velocity
power spectra shown in this study have used this Gaussian

. . function with «=0.02.
To reiterate, model 4 is the same as model 3 except the

coupling between the AHO and the bath is now with
rather tharx?.

In Eq. (2) above,m=m;=1 andx; andp; are the position Before a comparison between the two models could be
and momentum of théth bath particle, respectively. The made, we wanted to verify certain trends in model 4 that
AHO is initially placed at the origin. The initial position of Were predicted based on the results of our previous dtidy
bath oscillatori is x° and is equal to 0.0001A cartoon hamely, that a larg&N and a largeK will give a velocity
description of the interactions in all four models is shown inPower spectrum for the AHO that has the correct canonical
Fig. 1. Before we discuss the results from model 4, a shorgnsemble resuli.e., w=1) and also that the other contami-

digression into the numerics of such a study is in order. ~ nants that come in at high frequency do not distort the result
at w=1. Thus, we conducted six studies at the following set

_ _ _ of values for (N,K): (10,10°%), (10,10%), (10,10),
A. Simulational details (1000,102), (1000,10'Y), and (1000,1%).

It is very difficult to solve for the dynamical behavior of ~ The results in the form of the VPS for the AHO are shown
the anharmonic oscillator in model 4 in analytic fashion. Thein Fig. 2. For the case wheie=0.01[Fig. 2a)], we see that
equations of motion for each of the particles were thereforghere is only one peak for a heat bath comprised of ten har-
solved numerically using the velocity version of the Verletmonic oscillators. The contaminants in this state have oc-
algorithm [7]. The anharmonic oscillator was assigned ancurred at such a low frequency that it has distorted the peak
initial velocity of v =0.001. predicted by the canonical ensemblewat 1. As the bath

The velocities of the harmonic oscillators that were usedsize is increased to 1000 harmonic oscillators, the peak at
to construct the bath were distributed such that the initiako=1 is observed as well as two other peaks. The contami-
kinetic energy of these oscillators were Boltzmann weightechant peak atv~3.4 is the dominant peak here.
according to expf «xEx) whereEy is the initial kinetic en- When the coupling is increased by a factor of [Fig.
ergy andx is some constanfwe setk=1). The range of 2(b)], a double peak is seen for the bath comprised of ten
kinetic energies allowed was 16-25.32. Thus we had harmonic oscillators: one at=1.0 and the dominant peak at
equal spacing in exp{kEx) but unequal(i.e., Boltzmann w~1.75. As the bath size is increased to 1000 harmonic
weighted kinetic energy spacing. oscillators, a dominant peak at=1.0 is observed as well as

The integration step size and the time length of the study

N
H=pZ2m+ (1/2)x%+ (1/14)x*+ >, p2/2m,
i=1

N

B. Dynamics of the AHO system in model 4
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FIG. 3. Velocity power spectrur@arbitrary unit$ for the anhar-
monic oscillator connected to the heat bath as described by model 4
(dashed lingand model Jsolid line) for the state wheré& =0.01
andN=1000.

model 3 to a bath of 1000 harmonic oscillators at three
different levels of couplingk =102, 10", and 16. Since

we have already obtained the VPS for the AHO for model 4
at these states, a direct comparison is easily made. Figure 3
shows the VPS of the AHO for both models wkh=0.01. It

is seen that both models have contaminant frequencies in
addition to the one ab=1.0. The quartic coupling has two
contaminant frequencies: a dominant one that occurs at a
frequency lower than the contaminant for model 3 and a
smaller peak at a frequency higher than the model 3 contami-
nant.

In Fig. 4 we show the VPS of the AHO for both models
with K=0.1 We see that model 4 has three contaminant
peaks at frequencies lower, one peak higher, and one at about
the same frequency as the contaminant of model 3.

From Fig. 5, the case wheke=1.0, we see that all of the
contaminant peaks of model 4 occur at frequencies lower
than the contaminant of model 3. In fact, the dominant peak
of model 4, a contaminant ai~22.0, has a magnitude that
is more than twice as large as that of the peakatl.0. The
contaminant of model 3 has about the same magnitude as the
peak atw=1.0.

As mentioned previously, we determined that model 3 has

monic oscillator connected to the heat bath as described by model @nly one contaminant frequency that can be readily predicted

The solid line is for the state wheid=10 and the dashed line for
the state wher&l=1000.(a) K=0.01,(b) K=0.1, and(c) K=1.0.

five other peaks at higher frequencies.
At the largest spring constant usefi=1, we sedFig.

2(c)] that two peaks are observed for the ten-harmonic-

oscillator bath, but the contaminant peakaat-2.5 is the
dominant one. When 1000 harmonic oscillators are used fo
the bath several contaminant frequencies are observed in a
dition to the nondominant peak observeduwst 1.0.

Overall, it is observed for model 4 that as the number of
bath oscillators is increased at const#htthe number of

contaminants and the frequency at which they occur in-

crease. Additionally, if we look at the case of a constant

number of bath particles but increase the coupling constant
K, we observe that the frequency at which peaks occur in the

velocity power spectrum of the AHO increases.

at each state ofN,K). For largeN, this becomes

wx+NK.
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The next comparison to make is that between model 3 and FIG. 4. Velocity power spectrurtarbitrary units for the anhar-

model 4, namely, which would make a better model of themonic oscillator connected to the heat bath as described by model 4
heat bath and why. To explore this, we obtained the velocitydashed ling and model 3(solid line) for the state wher& =0.1

power spectrum for the AHO connected harmonicdilg.,

andN=1000.
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FIG. 5. Velocity power spectrurtarbitrary unit$ for the anhar- 3E v
monic oscillator connected to the heat bath as described by model 4 ) )
(dashed ling and model 3(solid line) for the state wher& =1.0 _ FIG. 7. Frequency of the double well oscillator as a function of
andN=1000. Its energy.

o ) canonical ensemble. The correct canonical ensemble fre-
On the other hand, it is difficult to predict where or how g ency is obtained ab=1.0 and the contaminant frequency
many contaminant peaks will occur when the coupling b, pe predicted and be made to lie outside the highest fre-
tween the AHO and the bath is made anharmonic. Clearlyy encies allowed by the shortest time scales supported by the
for largeN, the trend is that aK increases the contaminants gystem of interest. The question now is how well a heat bath
of model 4 are larger in number and lower in frequency tharjegcribed by model 3 will correctly capture the canonical
the one contaminant of model 3 as given by E3). Addi-  gnsemple results of a system that doeshave its signature

tionally, the peak ai= 1.0 for model 4 seems to be decreas-frequency matched to that of the bath. This question is ex-
ing in magnitude a¥ increases. One may surmise that forplored in the next section.

some sets of larg& and largeN, this peak may be totally
suppressed for model 4. To investigate this question, we | pyYNAMICS OF A DOUBLE WELL OSCILLATOR
studied the case witK=1.0 andN=10 000 for both mod- COUPLED TO A HEAT BATH
els. As can be seen from Fig. 6, the dominant peak from
model 4 is the contaminant that is about 3 times as large as The Hamiltonian for the particle in a double well potential
the peak atw=1.0. For model 3, the peak at=1.0 is now (DWO) is given by
twice as large as the one contaminant peakat100.0. o 2 4
Thus it is noted that when studying a system for which the E=p/2m—(1/2)x"+ (114" @)

signature frequency in the VPS of the VACF is matched tojt is found for this system that the frequency of the DWO
that of the bath, model 3, relative to model 4, seems to prodoes not monotonically increase with the system energy. In
vide the most useful approach to modeling a heat bath fofact, there is a nontrivial zero-frequency mode that occurs at
studies on the dynamics of physical systems done within then energy equal to that of the barrier height. The frequency
of the DWO as a function of energy is shown in Fig. 7.
‘ — An analysis very similar to that performed for the AHO
was carried out recently,9]. Like the AHO, it was found
the the VACF in a canonical ensemble decays inversely pro-
“1le 2:;: K B portionally to time(a feature that is common to relaxation of
” 014 L particles in anharmonic potentials in which the lowest-order
0.0 LS anharmonic term is quartic in natufe]). The Fourier trans-
L3 45 form of the VACF showed a sharp peak in the VPSuat
=/2. This peak, which remains at all temperatures, is domi-
L nant only at low temperatures where high-frequency effects
are weak6].
The Hamiltonian for the double well oscillator that is har-
- monically coupled to the bath described by free harmonic
A oscillators(i.e., model 3 is given by

Ll
0.0 ,\Ah..‘/ [N N
. |

0 w060 8 100 H=p2/2m— (1/2)(x+1)%+ (1/4)(x+1)*+ >, p?/2m
i=1

0.3 ~

VPS

0.2 —

0.1+

e w - ————

®

N N
FIG. 6. Velocity power spectrurtarbitrary unitg for the anhar- 0\2 0\12

monic oscillator connected to the heat bath as described by model 4 + ;1 (L2 (xi=x7) "+ (K’Z)El [x=(xi=x)]% ()

(dashed ling and model 3(solid line) for the state wheré&K=1.0

andN=10 000. The inset emphasizes the height of the peaks nedn an effort to focus on the low-energy dynamics, the DWO

w=1.0. is initially placed at the origin, which, according to E§), is
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) ) ) FIG. 9. Velocity power spectrurgarbitrary unitg for the double
FIG. 8. Velocity power spectrurfarbitrary units for the double  \ye|| oscillator connected to the heat bath as described by model 3
well oscillator connected to the heat bath as described by model 3yith the modification of dividing the extensive terms in the Hamil-
The states shown arl=1000 andK =0.01 (solid lin§) and N tonjan hyN. The states shown amé=1000 andK =0.001 (solid
=1000 ancK =1.0(dashed ling A dotted line shows the canonical line) andN = 1000 andK = 0.01 (dashed ling A dotted line shows

ensemble result for the double well oscillator . the canonical ensemble result for the double well oscillatof2at

at the bottom of one of the wells. The initial position of bath center of mass motion and if this could be removed, an ef-
oscillatori is x° and is equal to 0.0001 fective description of a bath for the DWO would be attained.

Thus we attempted to constrain the motion of the bath par-
_ ticles not with coupling between the bath particli#se mod-
A. Numerical study of the DWO els 1 and 2 but by making the quadratic wells in which the

The numerical analysis used to examine the dynamics 0'lpath_ particles sit much steeper. This'constant, which was
the DWO in the bath of model 3 is identical to that used foriMPlied to be equal to unity in the previous models that had
the AHO described in Sec. Il A. We will mention specifi- this term, now becomes a parameser

cally in the text to follow where it differs. C. Refinement of model 3

Thus our Hamiltonian that incorporates the intensivity
modification and the well steepness parameter now is
As before, the goal is to obtain the canonical ensemble o, ’ 4
frequency for the DWQi.e., = +/2) via the model 3 con- H=p*2m—(1/2)(x+1)"+ (1/4)(x+1)

B. Dynamics of a DWO using model 3

struct of the bath. Figure 8 compares the dynamics of the N N

DWO in the bath of model 3 in terms of the velocity power +(1N) D, p22m+(yIN) >, (1/2)(x—x%)?
spectrum for a bath of 1000 particles with two different cou- =1 =1

pling strengths. It is observed that the signature dynamics of N

the DWO oscillator in a canonical ensemble is missiag ( +(K2N) Y, [x—(xi—x9) 12 (6)
=.2) and the frequencies are very similar to that of the i=1

AHO in the bath of model 3, namely the peakwat1 and Loy

the predictable contaminant peak. It was thus thought that 145 -
the dynamics of the bath characterized by the bath frequency 12 -
atw=1, which is now not matched with that of the system at

w=1/2, was somehow masking the system dynamics. In an 0 i
attempt to unmask the system dynamics and make the bath EOB- ' -
less size dependent, we modified the Hamiltonian of (&p. > 0.6 L
to make it intensive by dividing all size-dependent terms by o4

N, the number of bath oscillatorPlease note that in all of
the studies to follow we have increased the integration step 0.2
size by a factor of 10, which increases the time length of the
study by the same factor. This was done to ensure a suffi-
cient number of periods was completed by the system in
ca_lculating the rglax_ation functions. Such_a problem did not FIG. 10. Velocity power spectrunfarbitrary unit$ for the
arise fqr the studies |nvoI.V|ng.the AHON Fig. 9 we test the double well oscillator connected to the heat bath as described by
dynamics of the DWO in this new 1000 particle bath by nsqe| 3 with the modification of dividing the extensive terms in the
modifying the coupling. TheK=0.01 system now has an Hamiltonian byN and modifying the bath oscillator wells by a
effective coupling of 10°, while theK=0.001 system Now factor of y. The states shown afé=1000K =0.001, andy=50

has an effective coupling of 16. As the effective coupling (short-dashed line N=1000,K=0.001, andy=500 (dot-dashed

is lowered, the canonical ensemble frequency for the DWGQine), andN=1000,K=0.001, andy= 5000 (solid line). A dotted

is recovered, but there is a low-frequency mode that is domiline shows the canonical ensemble result for the double well oscil-
nant. It was thought that this low-frequency mode was due tdator at 2.

0.0
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To test this Hamiltonian, we took a bath of 1000 particlesstricted degrees of freedom that is connected to the bath.
with K=0.001 and modifiedy over three orders of magni- For systems whose frequencies are matched to that of the
tude. Recall that the VPS in Fig. 9 witk=0.001 has an bath, a quadratic coupling between the system and bath is a
implied y equal to unity. The results in terms of the VPS arebetter bath model than that with quartic coupling. For sys-
shown in Fig. 10. Whery=5000, we see that the canonical tems that have characteristic frequencies that are not matched
ensemble result is obtained and is the dominant frequendi that of the bath, such as the DWO, modifications to the
and also the low-frequency center of mass mode has bedrath are needed to ensure that the bath does not strongly

effectively moved to higher frequencies. affect the system and dominate its dynamics. We propose
one such model that weakens the coupling by making the
IV. CONCLUDING REMARKS bath effects intensive and removes the center of mass modes

) ) through restricting the motion of the bath particles. Further
The details of a many-body system in thermal contacitudy is needed to see if any of these models can be utilized
with a heat bath is poorly defined on two fronts. The firstijn studies where heat baths are needed to imply constant
question asks what the details of the interactions between th:emperature, such as molecular dynamics simulation in the
system and bath are. The second question wonders whatcanonical ensemble.

heat bath actually is. Even for a few-body systéstuste)

and a one-body system, these questions remain. As a first
step in a obtaining some understanding of such seemingly
complex physics, we have chosen a system comprised of one
particle in contact with various models of the heat bath for This work was supported by the Office of the Provost at
study. We have determined in this research that the microSUNY Buffalo (S.S), by Sandia National Laboratories
scopic details of a heat bath can play an important role inS.S), by the U.S. Army(S.S), and by National Science
affecting the dynamics of a single-particle system with re-Foundation Grant No. CTS-9622208.P.V.J).
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